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6.3 EXPONENTIAL EQUATIONS AND INEQUALITIES

In this section we will develop techniques for solving equations involving exponential functions.
Suppose, for instance, we wanted to solve the equation 2* = 128. After a moment’s calculation, we
find 128 = 27, so we have 2% = 27. The one-to-one property of exponential functions, detailed in
Theorem 6.4, tells us that 2¢ = 27 if and only if = 7. This means that not only is = 7 a solution
to 2% = 27, it is the only solution. Now suppose we change the problem ever so slightly to 2% = 129.
We could use one of the inverse properties of exponentials and logarithms listed in Theorem 6.3 to
write 129 = 2°82(129) We’d then have 2° = 21°22(129) wwhich means our solution is z = logy(129).
This makes sense because, after all, the definition of logy(129) is ‘the exponent we put on 2 to get
129.” Indeed we could have obtained this solution directly by rewriting the equation 2* = 129 in
its logarithmic form log,(129) = z. Either way, in order to get a reasonable decimal approximation
to this number, we’d use the change of base formula, Theorem 6.7, to give us something more

calculator friendly,! say log,(129) = hir(ll(g;)). Another way to arrive at this answer is as follows

2 = 129

In (27) In(1
zln(2) = In(1
In(1

29) Take the natural log of both sides.
29) Power Rule
29)

In(2)

‘Taking the natural log’ of both sides is akin to squaring both sides: since f(z) = In(z) is a function,
as long as two quantities are equal, their natural logs are equal.? Also note that we treat In(2) as
any other non-zero real number and divide it through? to isolate the variable 2. We summarize
below the two common ways to solve exponential equations, motivated by our examples.

Steps for Solving an Equation involving Exponential Functions

1. Isolate the exponential function.

2. (a) If convenient, express both sides with a common base and equate the exponents.

(b) Otherwise, take the natural log of both sides of the equation and use the Power Rule.

Example 6.3.1. Solve the following equations. Check your answer graphically using a calculator.

1. 2% =16 2. 2000 = 1000 - 3701 3.9.37=7%
4. 75 = 2%y 5. 25% = 5" +6 6. “F— =5
Solution.

You can use natural logs or common logs. We choose natural logs. (In Calculus, you’ll learn these are the most
‘mathy’ of the logarithms.)

>This is also the “if’ part of the statement log, (u) = log, (w) if and only if u = w in Theorem 6.4.

3Please resist the temptation to divide both sides by ‘In’ instead of In(2). Just like it wouldn’t make sense to
divide both sides by the square root symbol ‘v/” when solving zv/2 = 5, it makes no sense to divide by ‘In’.
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1. Since 16 is a power of 2, we can rewrite 23 = 16177 as 23 = (24)1_96. Using properties of
exponents, we get 2% = 24(1-%)  Using the one-to-one property of exponential functions, we
get 3x = 4(1—x) which gives z = é To check graphically, we set f(z) = 23% and g(x) = 161 7%
and see that they intersect at x = 4 ~ 0.5714.

2. We begin solving 2000 = 1000-3~%!* by dividing both sides by 1000 to isolate the exponential
which yields 3701 = 2. Since it is inconvenient to write 2 as a power of 3, we use the natural
log to get In (37%!) = In(2). Using the Power Rule, we get —0.1¢In(3) = In(2), so we

divide both sides by —0.11n(3) to get ¢ = —0_11111(112()3) = _1(1)5??5)2 ). On the calculator, we graph

f(x) = 2000 and g(x) = 1000 - 3791 and find that they intersect at z = —%113()2) ~ —6.3093.

Interseckion Intersection

n= 7142857 Y=Z2H1ZY1Y . n="B.z09z298 Y=Eonn,
y= f(x) =23 and y = f(x) = 2000 and
y=g(z) =16'"" y = g(x) = 1000 - 370-1=

3. We first note that we can rewrite the equation 9-3% = 7%% as 32.3% = 7%* to obtain 3*12? = 727,
Since it is not convenient to express both sides as a power of 3 (or 7 for that matter) we use
the natural log: In (3%72) = In (7%*). The power rule gives (z + 2)In(3) = 2z1In(7). Even
though this equation appears very complicated, keep in mind that In(3) and In(7) are just
constants. The equation (z + 2)In(3) = 2z 1n(7) is actually a linear equation and as such we
gather all of the terms with x on one side, and the constants on the other. We then divide
both sides by the coefficient of z, which we obtain by factoring.

(r+2)In(3) = 2zIn(7)
zIn(3) +2In(3) = 2zIn(7)
2In(3) = 2zIn(7) — xln( )
2In(3) = 21n(7 In(3)) Factor.
21n(3
T = amm)- 1 6)
Graphing f(x) = 9-3% and g(z) = 7%* on the calculator, we see that these two graphs intersect
_ 23

4. Our objective in solving 75 = % is to first isolate the exponential. To that end, we
clear denominators and get 75 (1 + 36*%) = 100. From this we get 75 + 225¢~% = 100,

which leads to 225¢~2! = 25, and finally, e~ = %. Taking the natural log of both sides
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gives In (e*Zt) =In (é) Since natural log is log base e, In (6*2’5) = —2t. We can also use
the Power Rule to write In (%) = —1In(9). Putting these two steps together, we simplify
In (e7?) =1In($) to —2t = —1In(9). We arrive at our solution, ¢t = @ which simplifies to

t = In(3). (Can you explain why?) The calculator confirms the graphs of f(z) = 75 and
g(z) = 1%13% intersect at x = In(3) ~ 1.099.

el
P

Tnterseckion Interseckion
n=.FEEGEZ1: Y=e1.ZEEGLD . n=1.09861:: ¥=PE
y=f(z)=9-3" and y = f(x) =75 and
y=g(z) =7 y=g(x) = 1500

. We start solving 25 = 5% + 6 by rewriting 25 = 52 so that we have (52)x = 5% 4+ 6, or

52 = 5% + 6. Even though we have a common base, having two terms on the right hand side
of the equation foils our plan of equating exponents or taking logs. If we stare at this long
enough, we notice that we have three terms with the exponent on one term exactly twice that
of another. To our surprise and delight, we have a ‘quadratic in disguise’. Letting u = 5%,
we have u2 = (5%)% = 52" so the equation 5% = 5% 4 6 becomes u? = u + 6. Solving this as
u? —u —6 = 0 gives u = —2 or v = 3. Since u = 5%, we have 5 = —2 or 5% = 3. Since
5% = —2 has no real solution, (Why not?) we focus on 5% = 3. Since it isn’t convenient to
express 3 as a power of 5, we take natural logs and get In (5%) = In(3) so that zIn(5) = In(3)

or x = yezy. On the calculator, we see the graphs of f(z) = 25" and g(z) = 5% + 6 intersect
_ In(3)
at r = pEy & 0.6826
. At first, it’s unclear how to proceed with % = 5, besides clearing the denominator to
obtain e¥ —e™* = 10. Of course, if we rewrite e™* = e%, we see we have another denominator

lurking in the problem: e® — e% = 10. Clearing this denominator gives us e?* — 1 = 10e?,
and once again, we have an equation with three terms where the exponent on one term is
exactly twice that of another - a ‘quadratic in disguise.” If we let u = €®, then u? = €* so the
equation e?* — 1 = 10e® can be viewed as u? — 1 = 10u. Solving u? — 10u — 1 = 0, we obtain
by the quadratic formula v =5+ V/26. From this, we have e* =5+ V/26. Since 5 — /26 < 0,
we get no real solution to e® = 5 — /26, but for e® = 5+ /26, we take natural logs to obtain
z =1n(5+v/26). If we graph f(z) = ©=£— and g(z) = 5, we see that the graphs intersect
at z =In (54 v26) ~ 2.312
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—

InkgFseckion InkgFsechion
n=.BHZE0619 Y=0 ! n=c. 12428z Y=E
y = f(z) = 25% and y = f(z) = <= and
y=g(z) =516 y=g(®) =5

O]

The authors would be remiss not to mention that Example 6.3.1 still holds great educational
value. Much can be learned about logarithms and exponentials by verifying the solutions obtained

in Example 6.3.1 arza,)lytically. For example, to verify our solution to 2000 = 1000 - 37%1  we
101n(2

substitute t = — Tn(3) and obtain
2000 % 10003701 HE)
2000 L 1000- 345
2000 = 1000 - 3108s(2) Change of Base
2000 = 1000 -2 Inverse Property
2000 < 2000

The other solutions can be verified by using a combination of log and inverse properties. Some fall
out quite quickly, while others are more involved. We leave them to the reader.

Since exponential functions are continuous on their domains, the Intermediate Value Theorem 3.1
applies. As with the algebraic functions in Section 5.3, this allows us to solve inequalities using
sign diagrams as demonstrated below.

Example 6.3.2. Solve the following inequalities. Check your answer graphically using a calculator.

1. 27773 — 16 > 0 9 _°

<3 3. xe?® < 4x

Solution.

1. Since we already have 0 on one side of the inequality, we set r(x) = 92°=3¢ _ 16, The domain
of r is all real numbers, so in order to construct our sign diagram, we seed to find the zeros of
r. Setting r(z) = 0 gives 2°° 3% — 16 = 0 or 22" 73 = 16. Since 16 = 2 we have 22" 3¢ = 21,
so by the one-to-one property of exponential functions, 2 — 3z = 4. Solving 2 —3z —4 =0
gives x = 4 and # = —1. From the sign diagram, we see r(x) > 0 on (—oo, —1]U[4, 00), which
corresponds to where the graph of y = r(z) = e’ =3z _ 16, is on or above the z-axis.
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L

y=r(z)= 2e? =3z _ 16

2. The first step we need to take to solve % < 3 is to get 0 on one side of the inequality. To

that end, we subtract 3 from both sides and get a common denominator

e
< 3
e* —4 —
6])
-3 < 0
er —4 -
e’ 3(e* —4)
— < 0 Common denomintors.
et —4 er —4
12 — 2¢*
= <0
e* —4

We set r(z) = % and we note that r is undefined when its denominator e* —4 = 0, or
when e” = 4. Solving this gives = In(4), so the domain of 7 is (—o0,In(4)) U (In(4), 00). To
find the zeros of r, we solve r(z) = 0 and obtain 12 — 2e® = 0. Solving for e”, we find e* = 6,
or x = In(6). When we build our sign diagram, finding test values may be a little tricky since
we need to check values around In(4) and In(6). Recall that the function In(z) is increasing?
which means In(3) < In(4) < In(5) < In(6) < In(7). While the prospect of determining the

sign of r (In(3)) may be very unsettling, remember that e™®) = 3, so

12 —2eG) 12 - 2(3)
r(In(3)) = O 4 - 3.1

-6

We determine the signs of 7 (In(5)) and r (In(7)) similarly.’ From the sign diagram, we
find our answer to be (—oo,In(4)) U [In(6),00). Using the calculator, we see the graph of
flz) = ef—:l is below the graph of g(z) = 3 on (—o0,In(4)) U (In(6), c0), and they intersect
at © = 1n(6) ~ 1.792.

“This is because the base of In(z) is e > 1. If the base b were in the interval 0 < b < 1, then log,(x) would
decreasing.
5We could, of course, use the calculator, but what fun would that be?
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()1 () 0() B

Interseckion
n=i.roi;/eaE Y=

e.’t

y=f(z)= a7
y=g(z) =3

3. As before, we start solving ze?* < 4x by getting 0 on one side of the inequality, ze** —4x < 0.
We set 7(x) = ze?® — 42 and since there are no denominators, even-indexed radicals, or logs,
the domain of r is all real numbers. Setting r(x) = 0 produces ze?* — 4z = 0. We factor
to get x (62’” — 4) = 0 which gives 2 = 0 or ¢?* — 4 = 0. To solve the latter, we isolate the
exponential and take logs to get 2z = In(4), or x = ln§4) = In(2). (Can you explain the last
equality using properties of logs?) As in the previous example, we need to be careful about

choosing test values. Since In(1) = 0, we choose In (%), In (%) and In(3). Evaluating,® we get

rm(3) = m3)em) —am(})
— In (%) eln(%f —4In (%) Power Rule
— In(3) ™) —am (1)
Hn () -4l () =1 (3)

Since 3 < 1, In (1) < 0 and we get 7(In (3)) is (+), so 7(z) < 0 on (0,1n(2)). The calculator
confirms that the graph of f(x) = ze?® is below the graph of g(z) = 4 on these intervals.”

InkgrFseckion |
n=.B9z14718 IY=c.77eRBBE7

y= f(z) = 2e? and y = g(x) = 4

O]

SA calculator can be used at this point. As usual, we proceed without apologies, with the analytical method.
"Note: In(2) ~ 0.693.
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Example 6.3.3. Recall from Example 6.1.2 that the temperature of coffee T' (in degrees Fahren-
heit) ¢ minutes after it is served can be modeled by T'(t) = 70 + 90e~%1*. When will the coffee be
warmer than 100°F?

Solution. We need to find when 7'(t) > 100, or in other words, we need to solve the inequality
70 4+ 90e % > 100. Getting 0 on one side of the inequality, we have 90e~%!* — 30 > 0, and
we set r(t) = 90e~%1% — 30. The domain of r is artificially restricted due to the context of the
problem to [0,00), so we proceed to find the zeros of r. Solving 90e 9 — 30 = 0 results in
e 01t = % so that ¢t = —101In (%) which, after a quick application of the Power Rule leaves us with
t =101n(3). If we wish to avoid using the calculator to choose test values, we note that since 1 < 3,
0 = In(1) < In(3) so that 10In(3) > 0. So we choose t = 0 as a test value in [0,101n(3)). Since
3 <4,10In(3) < 101In(4), so the latter is our choice of a test value for the interval (101n(3), c0).
Our sign diagram is below, and next to it is our graph of ¢ = T'(¢) from Example 6.1.2 with the
horizontal line y = 100.

180+

160 <
1404

0 ()

: 804 \>-

601
404
204

2 4 6 8 101214 16 18 20" ¢

y="T(t)

In order to interpret what this means in the context of the real world, we need a reasonable
approximation of the number 101n(3) ~ 10.986. This means it takes approximately 11 minutes for
the coffee to cool to 100°F. Until then, the coffee is warmer than that.® ]

We close this section by finding the inverse of a function which is a composition of a rational
function with an exponential function.

T

Example 6.3.4. The function f(x) = xi l
e

your answer graphically using your calculator.

is one-to-one. Find a formula for f~!(x) and check

Solution. We start by writing y = f(x), and interchange the roles of x and y. To solve for y, we
first clear denominators and then isolate the exponential function.

8Critics may point out that since we needed to use the calculator to interpret our answer anyway, why not use it
earlier to simplify the computations? It is a fair question which we answer unfairly: it’s our book.
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_ 5e”
vy = e* +1
r = eji/ T Switch  and y
x(e¥+1) = beY
xe¥+x = beY
x = be¥—zxeY
r = e¥(b—ux)
ey = T
5—x

In(eY) = In <5 - x)

()
5—x

We claim f~1(z) =In (%) To verify this analytically, we would need to verify the compositions
(f~'o f) (z) = z for all  in the domain of f and that (fo f~!) (z) = z for all  in the domain

5e”®

of f~1. We leave this to the reader. To verify our solution graphically, we graph y = f(z) = T

and y = g(z) =In (ﬁ) on the same set of axes and observe the symmetry about the line y = z.

Note the domain of f is the range of g and vice-versa.

y=fle) = 25 and y = g(z) = In (52;)
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EXERCISES

In Exercises 1 - 33, solve the equation analytically.

1.

4.

7.

10.

13.

16.

19.

22.

25.

28.

31.

2% — 8 2. 3(==1) =27 3. 521 =125
1 3_

4% =1 5. 8% = 1o 6. 2@ —7) =1
37¢ = 8142 8. 9-3™ = ()™ 9. 32 =5
5% =2 11. 5% = -2 12. 31 =29
(1.005)12* =3 14. e 5% = 1 15. 2000e% = 4000
500 (1 — e**) = 250 17. 70 + 900 =75 18. 30 — 6e 17 =20
100e® 5000 150

= 20, ———— =2 21, ————— =175
er 4+ 2 o 0 1+ 2e—3t ou0 1 4 29¢-0-8
25 (2)" =10 23. €% = 2¢” 24. Te* = 28¢ 67
3l = 20 26. 31 = (1)+9) 97. 73+Te — gi-2e
e? — 3e® — 10 = 29. ¥ =¢e% 4+ 6 30. 47 427 =12
e® — 3¢ =2 32. ¥ 4+ 15e7% =8 33. 3% +25.-372=10

In Exercises 34 - 39, solve the inequality analytically.

34.

36.

38.

e > 53 35. 1000 (1.005)"% > 3000
3_ A\T
20" -2) < 37.25(3)" > 10
150
—_— <130 39. 70 4+ 90e~ 1 < 75
1+ 29¢ 080 = e s

In Exercises 40 - 45, use your calculator to help you solve the equation or inequality.

40.

43.

46.

47.

27 = g2 41. ¢® =In(x) + 5 42, eV® =g 4+ 1
et —xe >0 44, 3@=1) L 9z 45. e < 23—
Since f(x) = In(x) is a strictly increasing function, if 0 < a < b then In(a) < In(b). Use this

fact to solve the inequality e®*=1) > 6 without a sign diagram. Use this technique to solve

the inequalities in Exercises 34 - 39. (NOTE: Isolate the exponential function first!)

et — et

Compute the inverse of f(x) = Te. State the domain and range of both f and f1.
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T

48. In Example 6.3.4, we found that the inverse of f(z) = — 1
e

was f~1(z) =In <5fa:) but

we left a few loose ends for you to tie up.

(a) Show that (f_1 o f) (z) = x for all z in the domain of f and that (f o f‘l) (z) = x for
all z in the domain of f~1.

(b) Find the range of f by finding the domain of f~1.
(c) Let g(x) = $5x1 and h(z) = €. Show that f = go h and that (goh)™' =h log™L.

(We know this is true in general by Exercise 31 in Section 5.2, but it’s nice to see a
specific example of the property.)

49. With the help of your classmates, solve the inequality e* > z" for a variety of natural
numbers n. What might you conjecture about the “speed” at which f(z) = e® grows versus
any polynomial?
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6.3.2 ANSWERS

lz=3 2. x=4 3.x=2
4. z=—13 5. x=-1 6. x=-1,0,1
7. x= % 8. = —% 9. z = 21?15(5))
10. =z = _}Eg; 11. No solution. 12. =z = %
) n _ In(2 _
13. =z = m 14. k — 1_5(732) 57130 111(2) 15. t = 01 = 10 11’1(2)
n(L
16. z = 31In(3) = —31n(2) 17. ¢ = 2065) _ 101n(18)
18. z=—10In(3) = 10In(2) 19. = =In(2)
_ 1 In( L
20. t = 31n(2) o1, ¢ = () _ 5199
_ (%) _ m(2)-In() 23. z = In(2
22. r = h@) In(4)—In(5) (2)
In(3
24. z=—%In(}) = 1In(2) 25. = m
In(3)+5m(3)  In(3)-5In(2) _ 4In(3)-31In(7)
26. = 1n(3)—1n((;) - 1r$(3))+1n(2) 2T 0= TmFze)
28. z = In(5) 29. z = In(3) 30. = )
31. 2 =In(3) 32. 2 = In(3), In(5) 33. = 3
In(3
34. (In(53), 00) 35. {W oo)
36. (—o0,—1)U (0,1 m(2)| _ In(2)—In(5)
( ) ( ) 37. <—OO, 1n(§):| = (_OO, In(4)—In(5)
38. (—o0, 2lam) | _ (oo 510 (307 39. |05 ) = [101n(18
: 0 708 (=00, 31n (5F)] =01 0@ [101n(18), o0)
40. z ~ —0.76666, z = 2, x = 4 41. z ~ 0.01866, = ~ 1.7115
42. £ =10 43. (—o0,1]
44. ~ (—00,2.7095) 45. ~ (2.3217,4.3717)

46. > 1(In(6) + 1)

47. 71 = <a; + Va2 + ) Both f and f~! have domain (—o0, ) and range (—oo, c0).



