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10.3 THE Six CIRCULAR FUNCTIONS AND FUNDAMENTAL IDENTITIES

In section 10.2, we defined cos(f) and sin(6) for angles 6 using the coordinate values of points on
the Unit Circle. As such, these functions earn the moniker circular functions.! It turns out that
cosine and sine are just two of the six commonly used circular functions which we define below.

Definition 10.2. The Circular Functions: Suppose # is an angle plotted in standard position
and P(z,y) is the point on the terminal side of  which lies on the Unit Circle.

e The cosine of 0, denoted cos(6), is defined by cos(f) = x.

e The sine of 0, denoted sin(#), is defined by sin(f) = y.

1
The secant of 6, denoted sec(f), is defined by sec() = e provided z # 0.

1
The cosecant of §, denoted csc(6), is defined by csc(f) = 7 provided y # 0.

The tangent of 0, denoted tan(#), is defined by tan(6) = g, provided x # 0.
7

The cotangent of 6, denoted cot(6), is defined by cot(6) = f, provided y # 0.
Yy

While we left the history of the name ‘sine’ as an interesting research project in Section 10.2, the
names ‘tangent’ and ‘secant’ can be explained using the diagram below. Consider the acute angle 6
below in standard position. Let P(x,y) denote, as usual, the point on the terminal side of § which
lies on the Unit Circle and let Q(1,%’) denote the point on the terminal side of # which lies on the

vertical line z = 1.
Y

Q(Ly") = (1,tan())

P(z,y)

\9

@] A(I,O) B(1,0) x

In Theorem 10.4 we also showed cosine and sine to be functions of an angle residing in a right triangle so we
could just as easily call them trigonometric functions. In later sections, you will find that we do indeed use the phrase
‘trigonometric function’ interchangeably with the term ‘circular function’.



10.3 THE SiX CIRCULAR FUNCTIONS AND FUNDAMENTAL IDENTITIES 745

The word ‘tangent’ comes from the Latin meaning ‘to touch,” and for this reason, the line x = 1
is called a tangent line to the Unit Circle since it intersects, or ‘touches’; the circle at only one
point, namely (1,0). Dropping perpendiculars from P and @ creates a pair of similar triangles
AOPA and AO@QB. Thus %’ = % which gives y' = ¥ = tan(f), where this last equality comes from
applying Definition 10.2. We have just shown that for acute angles 6, tan(#) is the y-coordinate of
the point on the terminal side of 6 which lies on the line x = 1 which is tangent to the Unit Circle.
Now the word ‘secant’ means ‘to cut’, so a secant line is any line that ‘cuts through’ a circle at two
points.? The line containing the terminal side of 6 is a secant line since it intersects the Unit Circle
in Quadrants I and III. With the point P lying on the Unit Circle, the length of the hypotenuse
of AOPA is 1. If we let h denote the length of the hypotenuse of AOQ B, we have from similar
triangles that % = %, or h = i = sec(f). Hence for an acute angle 6, sec() is the length of the line
segment which lies on the secant line determined by the terminal side of 6 and ‘cuts off’ the tangent
line x = 1. Not only do these observations help explain the names of these functions, they serve as

the basis for a fundamental inequality needed for Calculus which we’ll explore in the Exercises.

Of the six circular functions, only cosine and sine are defined for all angles. Since cos(f) = = and
sin(f) = y in Definition 10.2, it is customary to rephrase the remaining four circular functions in
terms of cosine and sine. The following theorem is a result of simply replacing x with cos(f) and y
with sin(#) in Definition 10.2.

Theorem 10.6. Reciprocal and Quotient Identities:
e sec(f) = cos(8)’ provided cos(6) # 0; if cos(#) = 0, sec(f) is undefined.
1
e csc(f) = — @ provided sin(6) # 0; if sin(f) = 0, csc(f) is undefined.
sin
sin(6) : ) :
e tan(f) = cos(0)’ provided cos(f) # 0; if cos(f) = 0, tan(f) is undefined.
cos(6) . . e .
e cot(f) = Sin(0)’ provided sin(6) # 0; if sin(f) = 0, cot(f) is undefined.
in

It is high time for an example.
Example 10.3.1. Find the indicated value, if it exists.
1. sec (60°) 2. csc (1) 3. cot(3)
. . . 37
4. tan (¢), where 6 is any angle coterminal with <.

5. cos (6), where csc(f) = —/5 and 6 is a Quadrant IV angle.

: 3
6. sin (¢), where tan(f) =3 and 7 < 0 < 5.

2Compare this with the definition given in Section 2.1.
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Solution.

1. According to Theorem 10.6, sec (60°) = WEOO)' Hence, sec (60°) = ﬁ =2

2. Since sin () = —¥2, esc () = sin(l%’f) = _\/15/2 = —% = —/2.

3. Since # = 3 radians is not one of the ‘common angles’ from Section 10.2, we resort to the
calculator for a decimal approximation. Ensuring that the calculator is in radian mode, we

find cot(3) = S5 ~ ~T7.015.
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4. If 0 is coterminal with 27, then cos(¢) = cos (2) = 0 and sin(¢) = sin (2) = —1. Attempting

to compute tan(f) = 2222)) results in —*, so tan(f) is undefined.
5. We are given that csc(f) = 81%((% = —+/5 s0 sin(0) = —% = —%. As we saw in Section 10.2,

we can use the Pythagorean Identity, cos?(6) + sin?() = 1, to find cos(#) by knowing sin(#).
2

Substituting, we get cos?(8) + <—%) = 1, which gives cos?(0) = 3, or cos(f) = j:QT*/g. Since

6 is a Quadrant IV angle, cos(#) > 0, so cos(f) = %ﬁ

6. If tan(f) = 3, then ZE;EZ% = 3. Be careful - this does NOT mean we can take sin(f) = 3 and

cos(f) = 1. Instead, from ;I;((Z))

once again employ the Pythagorean Identity, cos?(6) 4 sin?(f) = 1. Solving sin(f) = 3 cos(#)
for cos(6), we find cos(6) = % sin(f). Substituting this into the Pythagorean Identity, we find
sin?(0) + (3 sin(H))2 = 1. Solving, we get sin?(f) = 1% so sin(f) = :t%oro. Since 7 < 0 < 3T,

3
6 is a Quadrant IIT angle. This means sin(f) < 0, so our final answer is sin(f) = —@. O

= 3 we get: sin(f) = 3 cos(f). To relate cos(f) and sin(6), we

While the Reciprocal and Quotient Identities presented in Theorem 10.6 allow us to always reduce
problems involving secant, cosecant, tangent and cotangent to problems involving cosine and sine,
it is not always convenient to do so.? It is worth taking the time to memorize the tangent and
cotangent values of the common angles summarized below.

3 As we shall see shortly, when solving equations involving secant and cosecant, we usually convert back to cosines
and sines. However, when solving for tangent or cotangent, we usually stick with what we’re dealt.
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Tangent and Cotangent Values of Common Angles

0(degrees) | f(radians) tan(0) cot(6)
0° 0 0 undefined
30° : 2 V3
45° z 1 1
60° V3 g
90° 3 undefined 0
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Coupling Theorem 10.6 with the Reference Angle Theorem, Theorem 10.2, we get the following.

Theorem 10.7. Generalized Reference Angle Theorem. The values of the circular
functions of an angle, if they exist, are the same, up to a sign, of the corresponding circu-
lar functions of its reference angle. More specifically, if « is the reference angle for 6, then:
cos(f) = £ cos(a), sin(f) = *sin(«a), sec(d) = tsec(a), csc(f) = £ cse(w), tan(f) = =+ tan(«)
and cot(f) = +cot(a). The choice of the (4) depends on the quadrant in which the terminal
side of @ lies.

We put Theorem 10.7 to good use in the following example.

Example 10.3.2. Find all angles which satisfy the given equation.

1. sec(f) =2

Solution.

2. tan(f) = /3

3. cot(f) = —1.

1. To solve sec(f) = 2, we convert to cosines and get Fl(e) =2 or cos(¢) = 3. This is the exact

same equation we solved in Example 10.2.5, number 1, so we know the answer is: § = § +27k
or 6 = ‘%’T + 2xk for integers k.

. From the table of common values, we see tan (%) = /3. According to Theorem 10.7, we know
the solutions to tan(f) = v/3 must, therefore, have a reference angle of 5. Our next task is
to determine in which quadrants the solutions to this equation lie. Since tangent is defined
as the ratio £ of points (z,y) on the Unit Circle with x # 0, tangent is positive when = and
y have the same sign (i.e., when they are both positive or both negative.) This happens in
Quadrants I and III. In Quadrant I, we get the solutions: 6 = § + 27k for integers k, and for
Quadrant III, we get 6 = %’T + 27k for integers k. While these descriptions of the solutions
are correct, they can be combined into one list as § = § + 7wk for integers k. The latter form
of the solution is best understood looking at the geometry of the situation in the diagram
below.*

4See Example 10.2.5 number 3 in Section 10.2 for another example of this kind of simplification of the solution.
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3. From the table of common values, we see that 7 has a cotangent of 1, which means the
solutions to cot(f) = —1 have a reference angle of 7. To find the quadrants in which our
solutions lie, we note that cot(#) = £ for a point (z,y) on the Unit Circle where y # 0. If
cot(0) is negative, then z and y must have different signs (i.e., one positive and one negative.)
Hence, our solutions lie in Quadrants IT and IV. Our Quadrant II solution is § = ?jf + 27k,
and for Quadrant IV, we get 0 = %’r + 27k for integers k. Can these lists be combined? Indeed
they can - one such way to capture all the solutions is: 6§ = ?ﬂf + 7k for integers k.
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We have already seen the importance of identities in trigonometry. Our next task is to use use the
Reciprocal and Quotient Identities found in Theorem 10.6 coupled with the Pythagorean Identity
found in Theorem 10.1 to derive new Pythagorean-like identities for the remaining four circular
functions. Assuming cos(f) # 0, we may start with cos?(6) + sin?(§) = 1 and divide both sides

.o
by cos?(#) to obtain 1 + i,r;?((z)) = @. Using properties of exponents along with the Reciprocal

and Quotient Identities, this reduces to 1 + tan?(f) = sec?(). If sin(f) # 0, we can divide both
sides of the identity cos?(f) + sin?(f) = 1 by sin?(f), apply Theorem 10.6 once again, and obtain
cot?(f) + 1 = csc?(f). These three Pythagorean Identities are worth memorizing and they, along
with some of their other common forms, are summarized in the following theorem.
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Theorem 10.8. The Pythagorean Identities:

1. cos?(f) +sin?(9) = 1.
Common Alternate Forms:
e 1 —sin?(6) = cos?(f)
o 1 —cos?(6) = sin(f)
2. 1+ tan?(0) = sec?(), provided cos(f) # 0.

Common Alternate Forms:

e sec?(f) —tan?(f) = 1
e sec?() — 1 = tan?(9)

3. 1+ cot?(0) = csc?(0), provided sin(6) # 0.

Common Alternate Forms:

e csc?(f) — cot?(0) =1
e csc?(f) — 1 = cot?(9)

Trigonometric identities play an important role in not just Trigonometry, but in Calculus as well.
We’ll use them in this book to find the values of the circular functions of an angle and solve equations
and inequalities. In Calculus, they are needed to simplify otherwise complicated expressions. In
the next example, we make good use of the Theorems 10.6 and 10.8.

Example 10.3.3. Verify the following identities. Assume that all quantities are defined.
1

1. e (0) = sin(0) 2. tan(6) = sin(0) sec()

3. (sec(d) — tan(8))(sec(f) + tan(0)) = 1 4 S jef;i)( 5 = 5ool0) i =G
B 3 3 sin(0) 1 + cos(0)

5. Gsec(6) tan(6) = 1—sin(d) 1+ sin(6) 6. 1 — cos(0) B sin(6)

Solution. In verifying identities, we typically start with the more complicated side of the equation
and use known identities to transform it into the other side of the equation.

1. To verify é(m = sin(#), we start with the left side. Using csc(f) = siTl(e)’ we get;:
1 1 .
= —— =sin(6),
CSC(H) sin(0)

which is what we were trying to prove.
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2. Starting with the right hand side of tan(#) = sin(f) sec(d), we use sec() = and find:

1
cos(0)

sin(#) sec(f) = sin(0) cosl(Q) = 2:;((2)) = tan(#),

where the last equality is courtesy of Theorem 10.6.

3. Expanding the left hand side of the equation gives: (sec(f) — tan(6))(sec(f) + tan(f)) =
sec?(6) — tan?(#). According to Theorem 10.8, sec?(#) — tan?(f) = 1. Putting it all together,

(sec(f) — tan(0))(sec(8) 4 tan(f)) = sec?(h) — tan?(h) = 1.

4. While both sides of our last identity contain fractions, the left side affords us more opportu-
nities to use our identities.> Substituting sec(#) = Fl(e) and tan(f) = 2:;((3)), we get:

1 1
sec(6) _ cos(f) _  cos(f) ~cos(#)
1 — tan(0) 1_sin(0) 1_sin(9) cos(f)
cos(6) cos(6)
1
_ (cos(@) (cos(9)) _ 1
_ sin(f) cos cos(0)) — sin(9) cos
(1225 ) teost®) (fcos(o)) — (22 (costo)
1

cos(6) — sin(6)’

which is exactly what we had set out to show.

5. The right hand side of the equation seems to hold more promise. We get common denomina-
tors and add:

3 3 _ 3(1 + sin(0)) ~ 3(1—sin()
1—sin(f#) 1+ sin(8) (1 —sin(0))(1 +sin(f)) (1 +sin(f))(1 —sin(h))
3+ 3sin(f) 3 —3sin()

1 —sin?(f) 1 —sin?()

(3+ 3sin(f)) — (3 — 3sin(h))
1 —sin?(9)

6sin(6)
1 — sin?(0)

50r, to put to another way, earn more partial credit if this were an exam question!
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At this point, it is worth pausing to remind ourselves of our goal. We wish to trans-
form this expression into 6sec(f)tan(f). Using a reciprocal and quotient identity, we find

6 sec(f) tan(d) = 6 (ﬁw)) (2)1;(((;))) In other words, we need to get cosines in our denomina-

tor. Theorem 10.8 tells us 1 — sin?(6) = cos?(#) so we get:

3 B 3 ~ 6sin(d)  6sin(0)
1—sin(f) 1+sin(@)  1—sin?(@)  cos?(0)

1 sin(6)

(o) (o)) = 6xc@1an)

6. It is debatable which side of the identity is more complicated. One thing which stands out
is that the denominator on the left hand side is 1 — cos(f), while the numerator of the right
hand side is 1 + cos(#). This suggests the strategy of starting with the left hand side and
multiplying the numerator and denominator by the quantity 1 + cos(#):

sin(6) _ sin(f) (1 +cos())
1 — cos(6) (1 —cos(0)) (14 cos(h))

_ sin(6)(1 + cos(0))
(1 —cos(0))(1 + cos())

sin(60)(1 + cos(8)) _ sin(60)(1 + cos(6))
1 — cos?(6) sin?(6)

siO)(1 + cos(6)) _ 1+ cos(0)
sim{#)sin(6) sin(6)

O]

In Example 10.3.3 number 6 above, we see that multiplying 1 — cos(#) by 1 + cos(#) produces a
difference of squares that can be simplified to one term using Theorem 10.8. This is exactly the
same kind of phenomenon that occurs when we multiply expressions such as 1 — /2 by 1 + /2
or 3 — 4i by 3 + 4i. (Can you recall instances from Algebra where we did such things?) For this
reason, the quantities (1 — cos(f)) and (1 + cos(f)) are called ‘Pythagorean Conjugates.” Below is
a list of other common Pythagorean Conjugates.

Pythagorean Conjugates
1 —cos(f) and 1+ cos(f): (1 —cos(#))(1 + cos(#)) = 1 — cos?(0) = sin?(9)
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o sec(d) — 1 and sec(8) + 1: (sec(8) — 1)(sec() + 1) = sec?(
): (sec(8)—tan(8))(sec(8)+tan(d)) = sec?(9) —tan2(6) = 1
) — 1) = esc*(
): ) )

1)(esc(6) +

(

(
— 1 and csc(f) + 1: (csc(

(

—cot() and csc(6) +cot (0
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Verifying trigonometric identities requires a healthy mix of tenacity and inspiration. You will need
to spend many hours struggling with them just to become proficient in the basics. Like many

things

in life, there is no short-cut here — there is no complete algorithm for verifying identities.

Nevertheless, a summary of some strategies which may be helpful (depending on the situation) is
provided below and ample practice is provided for you in the Exercises.

Strategies for Verifying Identities
Try working on the more complicated side of the identity.
Use the Reciprocal and Quotient Identities in Theorem 10.6 to write functions on one side

of the identity in terms of the functions on the other side of the identity. Simplify the
resulting complex fractions.

Add rational expressions with unlike denominators by obtaining common denominators.

Use the Pythagorean Identities in Theorem 10.8 to ‘exchange’ sines and cosines, secants
and tangents, cosecants and cotangents, and simplify sums or differences of squares to one
term.

Multiply numerator and denominator by Pythagorean Conjugates in order to take advan-
tage of the Pythagorean Identities in Theorem 10.8.

If you find yourself stuck working with one side of the identity, try starting with the other
side of the identity and see if you can find a way to bridge the two parts of your work.

10.3.1

BEYOND THE UNIT CIRCLE

In Section 10.2, we generalized the cosine and sine functions from coordinates on the Unit Circle
to coordinates on circles of radius r. Using Theorem 10.3 in conjunction with Theorem 10.8, we
generalize the remaining circular functions in kind.

Theorem 10.9. Suppose Q(z,y) is the point on the terminal side of an angle 6 (plotted in
standard position) which lies on the circle of radius r, 22 + y? = r2. Then:

/22 1 02
sec(f) = L= :c7+y7 provided z # 0.
73 7
2 2
csc(f) = - u, provided y # 0.
Y Y
tan(f) = Q, provided z # 0.
x
cot(f) = E, provided y # 0.
Y
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Example 10.3.4.

1. Suppose the terminal side of f, when plotted in standard position, contains the point Q(3, —4).
Find the values of the six circular functions of 6.

2. Suppose 6 is a Quadrant IV angle with cot(f) = —4. Find the values of the five remaining
circular functions of 6.

Solution.

1. Slncex—3andy——4 r=yz2+y? =3 — —\/ 25 = 5. Theorem 10.9 tells us

cos(f) = £, sin(f) = —3%, sec(6) = 3, csc(f) = —2, t n(9) = —% and cot(f) = —32.

2. In order to use Theorem 10.9, we need to find a point Q(z,y) which lies on the terminal side

of 6, when 6 is plotted in standard position. We have that cot(6) = —4 = Z, and since 0 is a
Quadrant IV angle, we also know x > 0 and y < 0. Viewing —4 = _—, we may choosel z = 4
and y = —1 so that r = /22 + 2 = \/(4)2+ (-1)2 = V17. Applying Theorem 10.9 once
more, we find cos(f) = \/% = %7177, sin(f) = —\/% = —1£77, sec(f) = @, csc(f) = —V/17
and tan(f) = —1. O

We may also specialize Theorem 10.9 to the case of acute angles § which reside in a right triangle,
as visualized below.

X i

a

Theorem 10.10. Suppose 6 is an acute angle residing in a right triangle. If the length of the
side adjacent to 6 is a, the length of the side opposite @ is b, and the length of the hypotenuse
is ¢, then

tan(f) = o sec(f) = - csc(f) = g cot(6) = %

The following example uses Theorem 10.10 as well as the concept of an ‘angle of inclination.” The
angle of inclination (or angle of elevation) of an object refers to the angle whose initial side is some
kind of base-line (say, the ground), and whose terminal side is the line-of-sight to an object above
the base-line. This is represented schematically below.

5We may choose any values = and y so long as > 0, y < 0 and % = —4. For example, we could choose z = 8
and y = —2. The fact that all such points lie on the terminal side of  is a consequence of the fact that the terminal
side of 0 is the portion of the line with slope —1 which extends from the origin into Quadrant IV.
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7 *object

‘base line’

The angle of inclination from the base line to the object is
Example 10.3.5.

1. The angle of inclination from a point on the ground 30 feet away to the top of Lakeland’s
Armington Clocktower” is 60°. Find the height of the Clocktower to the nearest foot.

2. In order to determine the height of a California Redwood tree, two sightings from the ground,
one 200 feet directly behind the other, are made. If the angles of inclination were 45° and
30°, respectively, how tall is the tree to the nearest foot?

Solution.

1. We can represent the problem situation using a right triangle as shown below. If we let h
denote the height of the tower, then Theorem 10.10 gives tan (60°) = %. From this we get
h = 30tan (60°) = 301/3 ~ 51.96. Hence, the Clocktower is approximately 52 feet tall.

h ft.

\600
A
30 ft.
Finding the height of the Clocktower

2. Sketching the problem situation below, we find ourselves with two unknowns: the height h of
the tree and the distance = from the base of the tree to the first observation point.

"Named in honor of Raymond Q. Armington, Lakeland’s Clocktower has been a part of campus since 1972.
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h ft.

y 30° '\ 45°

200 ft. x ft.
Finding the height of a California Redwood

_h_
©+200°

tan (45°) = 1, the first equation gives % =1, or x = h. Substituting this into the second
equation gives ﬁ = tan (30°) = @ Clearing fractions, we get 3h = (h + 200)v/3. The
result is a linear equation for h, so we proceed to expand the right hand side and gather all
the terms involving h to one side.

Using Theorem 10.10, we get a pair of equations: tan (45°) = % and tan (30°) = Since

3h = (h+200)V3

3h = hV34200V3
3h —hV3 = 200V3
(3—+3)h = 2003

h = 200\/§x273.20

3-V3

Hence, the tree is approximately 273 feet tall. O

As we did in Section 10.2.1, we may consider all six circular functions as functions of real numbers.
At this stage, there are three equivalent ways to define the functions sec(t), csc(t), tan(t) and
cot(t) for real numbers ¢t. First, we could go through the formality of the wrapping function on
page 704 and define these functions as the appropriate ratios of x and y coordinates of points on
the Unit Circle; second, we could define them by associating the real number ¢ with the angle
f = t radians so that the value of the trigonometric function of ¢ coincides with that of 8; lastly,
we could simply define them using the Reciprocal and Quotient Identities as combinations of the
functions f(t) = cos(t) and g(t) = sin(t). Presently, we adopt the last approach. We now set about
determining the domains and ranges of the remaining four circular functions. Consider the function
F(t) = sec(t) defined as F'(t) = sec(t) = Wl(t) We know F' is undefined whenever cos(t) = 0. From
Example 10.2.5 number 3, we know cos(t) = 0 whenever ¢t = § + 7k for integers k. Hence, our
domain for F'(t) = sec(t), in set builder notation is {t : ¢t # 7 + 7k, for integers k}. To get a better
understanding what set of real numbers we’re dealing with, it pays to write out and graph this
set. Running through a few values of k, we find the domain to be {t : ¢t # £7, :l:%”, :l:%’r, o
Graphing this set on the number line we get
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“O O O=>
_br  _3n _m ( = 3r  bm
2 2 2 2 2 2

Using interval notation to describe this set, we get

(o 3Ty (3T u(-2.0)u ST (3T 5T
27 2 27 2 272 27 2 27 2

This is cumbersome, to say the least! In order to write this in a more compact way, we note that
from the set-builder description of the domain, the kth point excluded from the domain, which we’ll
call 2, can be found by the formula z, = § +7k. (We are using sequence notation from Chapter 9.)
CEEDT The

Getting a common denominator and factoring out the 7 in the numerator, we get x;, =

(2k+1)m
2

domain consists of the intervals determined by successive points x: (T4, Ty 1) = ,

In order to capture all of the intervals in the domain, £ must run through all of the integers, that
is, k=0, £1, £2, .... The way we denote taking the union of infinitely many intervals like this is
to use what we call in this text extended interval notation. The domain of F(t) = sec(t) can
now be written as

E‘j (2k + )7 (2k +3)7
2 ’ 2
k=—0o0
The reader should compare this notation with summation notation introduced in Section 9.2, in
particular the notation used to describe geometric series in Theorem 9.2. In the same way the

index k in the series
o0
g arkil
k=1

can never equal the upper limit oo, but rather, ranges through all of the natural numbers, the index
k in the union

G ((Qk + )7 (2k + 3)71')

o~ 2 2

can never actually be oo or —oo, but rather, this conveys the idea that k ranges through all of the
integers. Now that we have painstakingly determined the domain of F(t) = sec(t), it is time to
discuss the range. Once again, we appeal to the definition F(t) = sec(t) = ﬁ(t) The range of
f(t) = cos(t) is [-1, 1], and since F(t) = sec(t) is undefined when cos(t) = 0, we split our discussion
into two cases: when 0 < cos(t) < 1 and when —1 < cos(t) < 0. If 0 < cos(t) < 1, then we can

divide the inequality cos(t) < 1 by cos(t) to obtain sec(t) = ﬁ(t) > 1. Moreover, using the notation
1

introduced in Section 4.2, we have that as cos(t) — 0T, sec(t) = Cosl(t) S BT

In other words, as cos(t) — 07, sec(t) — co. If, on the other hand, if —1 < cos(t) < 0, then dividing

by cos(t) causes a reversal of the inequality so that sec(t) = secl( 77 < —1. In this case, as cos(t) — 07,

~ very big (+).

sec(t) = Coi(t) ~ o L 5 & very big (=), so that as cos(t) — 07, we get sec(t) — —oc. Since
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f(t) = cos(t) admits all of the values in [—1, 1], the function F(¢) = sec(t) admits all of the values
in (—oo,—1] U [1,00). Using set-builder notation, the range of F(t) = sec(t) can be written as
{u: u<—1oru>1}, or, more succinctly,® as {u : |u| > 1}.? Similar arguments can be used
to determine the domains and ranges of the remaining three circular functions: csc(t), tan(t) and
cot(t). The reader is encouraged to do so. (See the Exercises.) For now, we gather these facts into
the theorem below.

Theorem 10.11. Domains and Ranges of the Circular Functions

e The function f(t) = cos(t) e The function g(t) = sin(t)
— has domain (—o0, 00) — has domain (—o0, 00)
— has range [—1, 1] — has range [—1, 1]
1

The function F(t) = sec(t) =

cos(t)

— has domain {t : ¢t # § + 7k, for integers k} = U 5 , 5
k=—00

— has range {u: |u| > 1} = (—o0,—1] U[1, 00)

- <(2/<;+1)7r (2k:—|—3)7r>

1
e The function G(t) = csc(t) = —
sin(t)
— has domain {¢ : t # 7k, for integers k} = U (km, (k+ 1))
k=—o0
— has range {u: |u| > 1} = (—o0,—1] U[1, 00)
e The function J(t) = tan(t) = sin(t)
cos(t)
<1 (@Ck+Dm (2k
— has domain {t : t # § + nk, for integers k} = U (( ‘;‘ )TF’ ( -i2-3)7r)
k=—0c0
— has range (—o0, )
t
e The function K (t) = cot(t) = C?s( )
sin(t)

— has domain {t¢ : t # 7k, for integers k} = U (km, (k+ 1))

k=—o00

— has range (—o0, 00)

8Using Theorem 2.4 from Section 2.4.

9Notice we have used the variable ‘u’ as the ‘dummy variable’ to describe the range elements. While there is no
mathematical reason to do this (we are describing a set of real numbers, and, as such, could use ¢ again) we choose
u to help solidify the idea that these real numbers are the outputs from the inputs, which we have been calling ¢.
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We close this section with a few notes about solving equations which involve the circular functions.
First, the discussion on page 735 in Section 10.2.1 concerning solving equations applies to all six
circular functions, not just f(¢) = cos(t) and g(¢t) = sin(¢). In particular, to solve the equation
cot(t) = —1 for real numbers ¢, we can use the same thought process we used in Example 10.3.2,
number 3 to solve cot(f) = —1 for angles 0 in radian measure — we just need to remember to write
our answers using the variable ¢ as opposed to 6. Next, it is critical that you know the domains
and ranges of the six circular functions so that you know which equations have no solutions. For
example, sec(t) = % has no solution because % is not in the range of secant. Finally, you will need to
review the notions of reference angles and coterminal angles so that you can see why csc(t) = —42

has an infinite set of solutions in Quadrant III and another infinite set of solutions in Quadrant IV.
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10.3.2 EXERCISES

In Exercises 1 - 20, find the exact value or state that it is undefined.

1. tan <E) 2. sec (E> 3. csc 51 4. cot 4—7r
4 6 6 3

11 1
5. tan (—67T> 6. sec (—3;) 7. csc (—g) 8. cot (?)
o7
9. tan (117m) 10. sec <—3 11. csc(3n) 12. cot (—5m)
31w 7'(' T T
13. tan (2 ) 14. sec (Z) 15. csc (—4) 16. cot <6>
2T T 3T
17. tan (3) 18. sec (—T7m) 19. csc (§> 20. cot <4>

In Exercises 21 - 34, use the given the information to find the exact values of the remaining circular
functions of 6.

21. sin(f) = g with 6 in Quadrant II 22. tan(f) = % with 6 in Quadrant III
23. csc(f) = % with 6 in Quadrant I 24. sec(f) = 7 with 6 in Quadrant IV
25. csc(f) = — 10;{% with 6 in Quadrant 11T~ 26. cot(f) = —23 with 6 in Quadrant II
27. tan(f) = —2 with 6 in Quadrant IV. 28. sec(f) = —4 with 0 in Quadrant II.
29. cot(#) = /5 with 0 in Quadrant ITI. 30. cos() = % with 6 in Quadrant 1.
31. cot(f) = 2 with 0 < 6 < g 32. csc(f) = 5 with g <0<

33. tan(f) = V10 with 7 < 6 < 3% 34. sec(f) = 2/5 with 3% <0 < 2m.

In Exercises 35 - 42, use your calculator to approximate the given value to three decimal places.
Make sure your calculator is in the proper angle measurement mode!

35. csc(78.95°) 36. tan(—2.01) 37. cot(392.994) 38. sec(207°)

39. csc(5.902) 40. tan(39.672°) 41. cot(3°) 42. sec(0.45)
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In Exercises 43 - 57, find all of the angles which satisfy the equation.

43. tan(0) = V3 44. sec(f) =2 45. csc(f) = —1 46. cot(f) = \gg
47. tan(f) =0 48. sec(f) =1 49. csc(f) =2 50. cot(f) =0
51. tan(f) = —1 52. sec(f) =0 53. csc(f) = —é 54. sec(f) = —1
55. tan(f) = —/3 56. csc(f) = —2 57. cot(f) = —1

In Exercises 58 - 65, solve the equation for ¢t. Give exact values.
58. cot(t) =1 59. tan(t) = \ég 60. sec(t) = —2\3/3 61. csc(t) =0
62. cot(t) = —/3 63. tan(t) = _\/3§ 64. sec(t) = 2\3/§ 65. csc(t) = 2\3/5

In Exercises 66 - 69, use Theorem 10.10 to find the requested quantities.

66. Find 6, a, and c. 67. Find a, b, and c.
b
—
c 60° O‘\
a
12
L | c
9 30
68. Find 0, a, and c. 69. Find 3, b, and c.
b
/« L]
B
7
47° &
a 2.5
50°
0 "
= /
6
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In Exercises 70 - 75, use Theorem 10.10 to answer the question. Assume that € is an angle in a
right triangle.

70.
71.
72.
73.
74.
75.

76.

e

78.

If # = 30° and the side opposite 6 has length 4, how long is the side adjacent to 67
If # = 15° and the hypotenuse has length 10, how long is the side opposite 67

If § = 87° and the side adjacent to 6 has length 2, how long is the side opposite 67
If # = 38.2° and the side opposite 0 has lengh 14, how long is the hypoteneuse?

If 8 = 2.05° and the hypotenuse has length 3.98, how long is the side adjacent to 67

If 8 = 42° and the side adjacent to 6 has length 31, how long is the side opposite 67

A tree standing vertically on level ground casts a 120 foot long shadow. The angle of elevation
from the end of the shadow to the top of the tree is 21.4°. Find the height of the tree to the
nearest foot. With the help of your classmates, research the term umbra versa and see what
it has to do with the shadow in this problem.

The broadcast tower for radio station WSAZ (Home of “Algebra in the Morning with Carl
and Jeff”) has two enormous flashing red lights on it: one at the very top and one a few
feet below the top. From a point 5000 feet away from the base of the tower on level ground
the angle of elevation to the top light is 7.970° and to the second light is 7.125°. Find the
distance between the lights to the nearest foot.

On page 753 we defined the angle of inclination (also known as the angle of elevation) and in
this exercise we introduce a related angle - the angle of depression (also known as the angle
of declination). The angle of depression of an object refers to the angle whose initial side is
a horizontal line above the object and whose terminal side is the line-of-sight to the object
below the horizontal. This is represented schematically below.

horizontal

_ -~ Observer
o\ .-
-~

-~

object
The angle of depression from the horizontal to the object is 0

(a) Show that if the horizontal is above and parallel to level ground then the angle of
depression (from observer to object) and the angle of inclination (from object to observer)
will be congruent because they are alternate interior angles.
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79.

80.

81.
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(b) From a firetower 200 feet above level ground in the Sasquatch National Forest, a ranger
spots a fire off in the distance. The angle of depression to the fire is 2.5°. How far away
from the base of the tower is the fire?

(c) The ranger in part 78b sees a Sasquatch running directly from the fire towards the
firetower. The ranger takes two sightings. At the first sighthing, the angle of depression
from the tower to the Sasquatch is 6°. The second sighting, taken just 10 seconds later,
gives the the angle of depression as 6.5°. How far did the Saquatch travel in those 10
seconds? Round your answer to the nearest foot. How fast is it running in miles per
hour? Round your answer to the nearest mile per hour. If the Sasquatch keeps up this
pace, how long will it take for the Sasquatch to reach the firetower from his location at
the second sighting? Round your answer to the nearest minute.

When I stand 30 feet away from a tree at home, the angle of elevation to the top of the tree
is 50° and the angle of depression to the base of the tree is 10°. What is the height of the
tree? Round your answer to the nearest foot.

From the observation deck of the lighthouse at Sasquatch Point 50 feet above the surface of
Lake Ippizuti, a lifeguard spots a boat out on the lake sailing directly toward the lighthouse.
The first sighting had an angle of depression of 8.2° and the second sighting had an angle of
depression of 25.9°. How far had the boat traveled between the sightings?

A guy wire 1000 feet long is attached to the top of a tower. When pulled taut it makes a 43°
angle with the ground. How tall is the tower? How far away from the base of the tower does
the wire hit the ground?

In Exercises 82 - 128, verify the identity. Assume that all quantities are defined.

82.

84.

86.

88.

90.

92.

cos(6) sec(8) = 1 83. tan(6) cos(9) = sin(0)

sin(9) ese(9) = 1 85. tan(6) cot(9) = 1

ese(8) cos(9) = cot(6) 8. (2:2((09)) — sec(9) tan(0)
;‘;((99)) — csc(8) cot(9) 9. 1;21(1;@ = sec(6) + tan(6)
! ;;"(’;)(0) — cse(8) — cot(8) 91, 1_‘“;511% — sec(6)

1 _STO(SHQ)( gy = cselt) 03, % — cos(6)
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96.

98.

100.

102.

104.

106.

108.

110.

112.

114.

116.

118.

120.

122.

124.

126.

128.

csc(0) .
T+ oot~ Sn®)
cot()
csc?(f) — 1 tan(6)

sin(0) = (1 — COSQ(Q))Z sin(6)
cos?(6) tan®(0) = tan(#) — sin(#) cos()

cos(d) +1 1 +sec(d)
cos(f) —1 1 —sec(f)
1 —cot(d) tan(f) —1
1 +cot(d) tan(d) +1

tan(f) + cot(#) = sec(f) csc(h)
cos(#) — sec(f) = — tan(0) sin(0)

sin(f) (tan(f) + cot(0)) = sec(h)

1 1
@ 1 s 1 = 2O e0t(0)
1 1
csc(0) — cot(0) a csc() + cot(6) = 2cot(0)
1
e — )~ )
M = csc(f) + cot(0)
1_ slin(e) = sec?(0) + sec(f) tan(0)
1— clos(G) = csc2(6) + csc(f) cot(6)
cos(d)  1—sin(0)
14sin()  cos(9)
1 — sin(6)

95.

97.

99.

101.

103.

105.

107.

109.

111.

113.

115.

117.

119.

121.

123.

125.

127.
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an(6f
t2(9())—1 = cot(9)
4cos?(0) + 4sin?(9) = 4
tan®(#) = tan(#) sec?(d) — tan(6)
sect?(9) = (1+ taunQ(Q))4 sec?(6)
sect(0) — sec?(#) = tan?(6) + tan*(0)
sin(f) +1 1+ csc(f)
sin(f) —1 1 — csc(f)
1 — tan(0) _ cos(#) — sin(0)
1+ tan(f)  cos(f) + sin(h)
csc(f) — sin(f) = cot () cos(6)
cos(#)(tan(8) + cot(f)) = csc(6)
1 1
1 — cos(0) + 1 + cos(0) = 2esc(0)
1 1
csc(f) +1 * cse(f) — 1 = 2sec(f) tan(6)
cos(0) sin(6) .
1—tan(d) 1 — cot(d) = sin(6) + cos()
1
sec(0) — tan(0) = sec(f) + tan(6)
1
c(0) + ot (d) = csc(6) — cot(0)
1
1+ sin(0) = sec?() — sec(f) tan(6)
1
1T cos®) = csc?(0) — csc(f) cot(6)
_ sin(0)
csc(f) — cot(0) = T+ cos(d)
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In Exercises 129 - 132, verify the identity. You may need to consult Sections 2.2 and 6.2 for a
review of the properties of absolute value and logarithms before proceeding.

129.

131.

133.

134.

135.

In|sec(f)| = —In|cos(9)| 130. —In|csc(f)| = In|sin(8)]
—In|sec(f) —tan(0)| = In|sec(f) +tan(f)| 132. —In|csc(0)+ cot(0)| = In|csc(f) — cot ()]

Verify the domains and ranges of the tangent, cosecant and cotangent functions as presented
in Theorem 10.11.

As we did in Exercise 74 in Section 10.2, let o and 3 be the two acute angles of a right triangle.
(Thus a and [ are complementary angles.) Show that sec(a) = csc(8) and tan(a) = cot ().
The fact that co-functions of complementary angles are equal in this case is not an accident
and a more general result will be given in Section 10.4.

We wish to establish the inequality cos() < sin(0)

<lfor0<6< g Use the diagram from

the beginning of the section, partially reproduced below, to answer the following.

, @

“\9

0 B(1,0) =z

1
(a) Show that triangle OPB has area B sin(6).
1
(b) Show that the circular sector OPB with central angle 6 has area 56.

1
(c) Show that triangle OQB has area itan(ﬁ).

(d) Comparing areas, show that sin(6) < 6 < tan(f) for 0 < § < g

sin(0)

(e) Use the inequality sin(8) < 6 to show that — < 1for0<6< g

sin(0)

(f) Use the inequality 6 < tan(f) to show that cos(f) < 0 for 0 <60 < g Combine this

with the previous part to complete the proof.
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136. Show that cos(#) <

s1n9(9) < 1 also holds for —g <6 <O.

137. Explain why the fact that tan(f) = 3 = 3 does not mean sin(#) = 3 and cos() = 1? (See the
solution to number 6 in Example 10.3.1.)
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T T 2V/3 5w
1. tan <Z) =1 2. sec (6) =3 3. csc (6) =2
4\ V3 117\ V3 3T .
)y Ve ) =X : —— fi
4.cot(3> 3 5.tan< 6) 3 6860( 2>1sundened
™ 2v/3 137
7. csc ( 3) 3 co < 5 > 9. tan (117m)
10. sec (—5;> =2 11. csc (37) is undefined 12. cot (—5m) is undefined
31m . 7r T
13. tan [ —— ] is undefined 14. sec (—) =2 15. csc [ —— | =2
2 4 4
T 2
16. cot (6> =3 17. tan (3) =3 18. sec(—771) = —1
19. ese () =1 20. cot (27 ) = —1
2 4
21. sin(f) = 2, cos(#) = —%,tan(f) = —2, csc(6) = 2,sec(d) = —2,cot(d) = —3
22. sin(f) = ﬁ,cos(@) 153,tan(0) = %,CSC(Q) = —13 sec(f) = 153,cot(l9) >
23. sin(6) = 2%, cos(f) = o=, tan(f) = 2, csc(6) = 22, sec(d) = 2, cot(6) = 5
24. sin(0) = 47‘/3, cos(f) = 1, tan(f) = —4v/3, csc(f) = 71\2f75ec(9) =7,cot(f) = —g
25. sin(f) = —%,COS(Q) = —3 tan(f) = \/gl,csc(@) = —wﬁ,secw) = -2 cot(f) = %
26. sin(f) = @,cos(@) 235‘2?? tan(f) = %, csc(f) = /530, sec(f) = —%,cot(&) —23
27. sin(0) = — 245 cos(0) = ¥3, tan() = —2, csc(d) = — %2, sec() = v/5, cot(0) = —1
28. sin(f) = @,605(0) = —1,tan(d) = —V/15, csc(f) = L sec(f) = —4, cot(f) = —%
29. sin(f) = —%,COS(Q) = ‘ﬁ ,tan(0) = ‘ég,csc(e) —/6,sec(f) = —@,cot(&) =5
30. sin(f) = 2—\:{5,008(0) = 1, tan(f) = 2v/2, csc(f) = 3T\E,sec(G) = 3,cot(f) = g
31. sin(f) = %,COS(@) = %,tan(ﬁ) 1. csc(0) = VB, sec(f) = é,co‘c(@) =2
32. sin(6) = £, cos(6) = 2\[ ,tan(f) = g,csc(e) = 5,sec(f) = 512[,cot(6) -2V6
33. sin(f) = \/lllTO,cos(G) —T\T,tan(ﬁ) V10, csc(h) = \/foTo,sec(H) = —V/11,cot(9) = ‘{—TOO
34. sin(f) = —%,COS(Q) = \g,tan(e) —/19,csc(f) = —%,sec( ) = 2v/5, cot(h) = —g
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35. csc(78.95°) ~ 1.019 36. tan(—2.01) ~ 2.129
37. cot(392.994) ~ 3.292 38. sec(207°) ~ —1.122
39. csc(5.902) ~ —2.688 40. tan(39.672°) ~ 0.829
41. cot(3°) ~ 19.081 42. sec(0.45) ~ 1.111

43. tan(f) = v/3 when 0 = g + mk for any integer k
s ST .
44. sec(f) = 2 when 0 = 3 + 27k or 0 = 5 + 27k for any integer k

3
45. csc(f) = —1 when 0 = % + 27k for any integer k.

3
46. cot(f) = \3[ when 6 = g + 7k for any integer k

47. tan(f) = 0 when 6 = 7k for any integer k

48. sec(f) = 1 when 0 = 27k for any integer k

5
49. csc(f) = 2 when 0 = % + 27k or 0 = % + 27k for any integer k.
50. cot(f) = 0 when 6 = g + 7k for any integer k
3w .
51. tan(f) = —1 when 0 = T + 7k for any integer k
52. sec(f) = 0 never happens

1
53. csc(f) = —5 hever happens
54. sec(f) = —1 when 6 = 7 + 27k = (2k + 1)7 for any integer k

2
55. tan(f) = —v/3 when 0 = % + mk for any integer k
Vs 117 .
56. csc(f) = —2 when 6 = 5 + 27k or § = e + 27k for any integer k
3 .
57. cot(f) = —1 when 0 = v + 7k for any integer k

58. cot(t) =1 when ¢t = % + 7k for any integer k

3
59. tan(t) = \Sf when t = % + wk for any integer k
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23 5

60. sec(t) = ——3 when ¢t = & +2rk ort = %r + 2mk for any integer k
61. csc(t) = 0 never happens

62. cot(t) = —/3 when t = %T + 7k for any integer k

63. tan(t) = —\ég when t = 5% + mk for any integer k
2 11
64. sec(t) = \3/3 when t = % + 27k or t = Tﬂ + 27k for any integer k

2V3

2
65. csc(t) = 3 when ¢t = g + 27k or t = ?ﬂ + 27k for any integer k

66. 8 = 30°, a = 3v3, c = V108 = 6/3

12
67. a = 56° b= 12tan(34°) = 8.094, ¢ = 12sec(34°) = ——— ~ 14.475
cos(34°)
6

68. 0 =43°, a = 6cot(47°) = ———— ~ 5.595, ¢ = 6csc(47°) = ~ 8.204

;@ = Geot(47”) tan(47°) ¢ = Gesc(d”) sin(47°)
69. B = 40°, b = 2.5tan(50°) ~ 2.979, ¢ = 2.5 se0(50°) = — 22— ~ 3.889

. — = 2. n ~ 2. = 2. = =~ O.

, a , C sec cos(50°)
70. The side adjacent to 6 has length 4/3 ~ 6.928
71. The side opposite 6 has length 10sin(15°) ~ 2.588
72. The side opposite 6 is 2 tan(87°) ~ 38.162

14
73. The hypoteneuse has length 14 csc(38.2°) = ————— ~ 22.639
sin(38.2°)

74. The side adjacent to € has length 3.98 cos(2.05°) ~ 3.977
75. The side opposite 6 has length 31 tan(42°) ~ 27.912

76. The tree is about 47 feet tall.

77. The lights are about 75 feet apart.

78. (b) The fire is about 4581 feet from the base of the tower.

(c) The Sasquatch ran 200 cot(6°) — 200 cot(6.5°) ~ 147 feet in those 10 seconds. This
translates to &~ 10 miles per hour. At the scene of the second sighting, the Sasquatch
was = 1755 feet from the tower, which means, if it keeps up this pace, it will reach the
tower in about 2 minutes.
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79. The tree is about 41 feet tall.
80. The boat has traveled about 244 feet.

81. The tower is about 682 feet tall. The guy wire hits the ground about 731 feet away from the
base of the tower.



